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Abstract
Let X be a real Banach space. Let {Gγ : γ ∈ Γ } be a family of closed, convex subsets of X. We
show that either the intersection
⋂
γ∈Γ (Gγ ) of the -neighborhood of the sets Gγ is bounded for
each  > 0, or it is unbounded for each  > 0. From this we derive a fixed point theorem for suitable
maps that move some points along a bounded direction in Hilbert spaces.
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Let G be a convex subset of a real normed space X. We denote by (G) the -neigh-
borhood of G, i.e., (G) = {x ∈X: d(x,G) < }.
The main result of this short paper is the following
Proposition 1. Let {Gγ : γ ∈ Γ } be a family of convex subsets ofX such that⋂γ∈Γ Gγ = ∅.
Then either
⋂
γ∈Γ (Gγ ) is bounded for each  > 0 or it is unbounded for each  > 0.
Proof. It is sufficient to prove that if
⋂
γ∈Γ (Gγ ) is bounded for a certain  > 0, then⋂
γ∈Γ (Gγ )δ is bounded for any δ > .
We may assume without lost of generality that 0 ∈⋂γ∈Γ Gγ . Suppose there exist δ > 
such that
⋂
γ∈Γ (Gγ )δ is unbounded. Then there exist a sequence {xn} in
⋂
γ∈Γ (Gγ )δ such
that ‖xn‖> n. Choose R > 0 such that
R > sup
{
‖x‖: x ∈
⋂
γ∈Γ
(Gγ )

}
.
E-mail address: gmarino@unical.it.0022-247X/$ – see front matter  2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0022-247X(03)00330-5
776 G. Marino / J. Math. Anal. Appl. 284 (2003) 775–778Now, for each γ ∈ Γ , xn = kγn + gγn , where ‖kγn ‖< δ and gγn ∈Gγ , with ‖gγn ‖> n− δ.
Since the set Gγ is convex, the segment [0, gγn ] ⊂ Gγ for all γ ∈ Γ and thus
(R/‖gγn ‖)gγn ∈ Gγ for n large enough so that ‖gγn ‖ > R. Let γ0 ∈ Γ be fixed. Then for
any γ ∈ Γ we have ‖gγn − gγ0n ‖< 2δ. The Dunkl–Williams inequality [2] establishes that
for nonzero vectors x and y in a normed linear space,
‖x − y‖ 1
4
(‖x‖+ ‖y‖)
∥∥∥∥ x‖x‖ −
y
‖y‖
∥∥∥∥.
So we derive∥∥∥∥ R‖gγn ‖g
γ
n − R‖gγ0n ‖
g
γ0
n
∥∥∥∥ 4R‖gγn ‖ + ‖gγ0n ‖
∥∥gγn − gγ0n ∥∥ 4Rδ
n− δ .
Then by choosing n large enough we have (R/‖gγ0n ‖)gγ0n ∈⋂γ∈Γ (Gγ ) , that contradicts
the choice of R. ✷
One can ask if the previous result can be improved, in the sense that from the hypothesis
that
⋂
γ∈Γ Gγ is bounded it follows that
⋂
γ∈Γ (Gγ ) is bounded for each  > 0. Of course
this is true in finite-dimensional Banach spaces, but in general the answer is negative, even
in the “rich” structure of Hilbert spaces and even if
⋂
γ∈Γ Gγ is a compact set.
Example 1. Let X be the real Hilbert space 2 and {en} its canonical basis. Define, for
m= 1,2,3, . . . ,
G2m−1 :=
{
x ∈ 2: 〈em, x〉 1
m
}
, G2m :=
{
x ∈ 2: 〈−em, x〉 1
m
}
. (1)
Then
⋂
m∈NGm coincides with the Hilbert cube H0, i.e.,⋂
m∈N
Gm =H0 =
{
x = {ξn} ∈ 2: |ξn| n−1 for all n
}
and this is a compact convex set. Nevertheless, for any  > 0 and for any k ∈N, the vector∑
1jk ej belongs to
⋂
m∈N(Gm) . Hence this last set is unbounded.
Note that in any real Hilbert space H with inner product 〈·, ·〉, if we fix z0 ∈ H and
α ∈R, a set C(z0, α) of type (1), i.e.,
C(z0, α) :=
{
x ∈H : 〈z0, α〉 α
}
can be written in one of the following manner:
• if α > ‖z0‖, C(z0, α)=
{
x ∈H :
∥∥∥∥x − z0‖z0‖
∥∥∥∥
∥∥∥∥x −
(
2
α
‖z0‖ − 1
)
z0
‖z0‖
∥∥∥∥
}
;
• if α < ‖z0‖, C(z0, α)=
{
x ∈H :
∥∥∥∥x −
(
2
α
‖z0‖ − 1
)
z0
‖z0‖
∥∥∥∥
∥∥∥∥x − z0‖z0‖
∥∥∥∥
}
;
• if α = ‖z0‖, C(z0, α)=
{
x ∈H : ‖x‖
∥∥∥∥x − 2 z0
∥∥∥∥
}
.‖z0‖
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G(a,b) := {x ∈H : ‖x − b‖ ‖x − a‖} (2)
for suitable a, b ∈H .
The sets of type (2) have sense also in an arbitrary Banach space X. They single out
the vector in X nearer b than a. By using this sets, several results concerning fixed point
theory have been given (see [3,5–8]). The geometry of such sets offers some aspects not
sufficiently investigated. Till today, for example, seems to be an open question to see if they
are convex sets. In Hilbert space the answer is yes, obviously. But in general the answer is
no, even in the “rich” setting of uniformly convex Banach spaces.
Example 2. Let X= R2 with the norm ‖(x, y)‖3 := (|x|3 + |y|3)1/3. Take the vectors
a = (0,1) and b=
(
1
4
,
(63)1/3
4
)
.
Since ‖a‖3 = ‖b‖3 = 1 then 0 ∈G(a,b). Now choose v = (a + b)/2. Then a simple com-
putation shows that v ∈G(a,b) but v/2 /∈G(a,b). Hence G(a,b) is not convex.
To sum up, we derive a fixed point result by Proposition 1. First we give some prelimi-
nary notation. Let X be a Banach space. Let K be a subset of X. For x ∈K the inward set
IK(x) is defined by IK(x) := {x + λ(u− x): u ∈ K, λ  1}. Following Browder [1] we
say that a mapping T :K →X is pseudo-contractive if
‖x − y‖ ∥∥(1 + r)(x − y)− r(T (x)− T (y))∥∥
holds for all x and y in K and all r > 0.
Theorem 1. Let H be a Hilbert space and let K be a closed convex subset of H . Suppose
T :K →H be a continuous pseudo-contractive mapping for which
T (x) ∈ IK(x) for all x ∈ ∂K.
Suppose in addition there exists a bounded set A⊂K such that K ∩ (⋂a∈AG(a,T (a)))= ∅ and ⋂a∈AG(a,T (a)) is bounded for some  > 0. Then T has a fixed point in K .
Proof. Let f (x)= 2x−T (x). Then under the assumption on T , it can be easily shown that
K ⊂ f (K) (due to Theorem 6 of [4]) and since f is expansive, the mapping g :K → K
defined by g = f−1 is nonexpansive. Since the fixed point of T and g are the same, by
Theorem 2.2 in [3], it will be enough to show that ⋂b∈B G(b,g(b)) is bounded for some
bounded set B , to prove the thesis.
Select B = f (A). Since ⋂a∈AG(a,T (a)) = ∅, the set T (A) is bounded and thus so
is B . In addition, it can be seen that
G
(
b,g(b)
)= a − T (a)+G(a,T (a)),
where a = g(b). Then
a − T (a)+G(a,T (a))⊂ ⋂(G(a,T (a)))δ
a∈A
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b∈B
G
(
b,g(b)
)⊂ ⋂
a∈A
(
G
(
a,T (a)
))δ
.
Since the sets G(a,T (a)) are convex in Hilbert space, we conclude from Proposition 1 that⋂
b∈B G(b,g(b)) is bounded. ✷
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